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Abstract

The interaction between a particle and an advancing solidification front is studied using a multi-scale computational model developed
in Part I. The flow and temperature fields are solved separately at two disparate scales, i.e. at the overall system scale (‘‘outer region”) and
in the thin melt layer (‘‘inner region”) between the particle and the front. The solutions from the inner and outer regions are coupled at a
matching region. The coupled dynamics of the particle and phase boundary motion, including lubrication and disjoining pressure effects
in the premelted film between the particle and the front is captured in the simulations. Results show that particle pushing (as opposed to
particle engulfment) can occur when the ratio of thermal conductivity of the particle to the melt, kp/kl < 1. The velocity of the solidifi-
cation front at which the transition from particle pushing to particle engulfment occurs, i.e. the critical velocity for particle engulfment, is
naturally obtained from the coupled dynamics. No ad hoc assumptions to identify the critical velocity need be made. The results also
provide insights into the physics of particle–solidification front interactions.
� 2007 Elsevier Ltd. All rights reserved.
1. Introduction

When a particle is approached by an advancing solidifi-
cation front, the latter must obtain a certain ‘‘critical veloc-
ity” in order to engulf the particle [1]. If the solidification
velocity is below this critical value, the particle will be
pushed, and if the front velocity is above this value, the
particle will be engulfed. The overall transport phenomena
and the forces resulting in particle pushing/engulfment by a
solidification front are multiscale in nature. This is due to
the importance of the dynamics of the thin liquid film
between the particle and front in determining the fate of
the particle. In Part I a general methodology was presented
for solving this multiscale problem, where flow solutions in
the ‘‘inner” (melt film) region and the ‘‘outer” (overall
front-particle system) region were obtained and coupled
at a ‘‘matching” region. This paper will employ the tech-
nique presented in Part I to compute the front-particle
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interaction dynamics and to shed light on the physics
underlying particle pushing/engulfment.
1.1. Role of thermal and fluid transport in the ‘‘outer” region

In Part I (Fig. 1), the overall view of the problem is
given. A solidification front traveling upward with velocity
vs approaches the particle until it is a small distance d from
the particle. As a solidification front approaches the parti-
cle to this small (nanometer-scale) separation repulsive dis-
joining pressures (and a resultant force on the surface of
the particle FI) in the intervening melt film become large
and will set the particle in motion away from the front.
To replenish the melt in the gap between the particle and
the front a net flux of melt into the gap is required. The
melt layer therefore acts as a lubrication film, resulting in
a large drag force (FD) that acts to push the particle back
towards the solidification front. The particle begins to
move upward at a velocity vp. The fluid dynamics and ther-
mal transport play a major role at the microscale (overall
domain) and the intermolecular forces and heat and mass

mailto:ush@icaen.uiowa.edu


vmax = vCR
v p

dmin

~100 molecular diameters 

Engulfment Pushing 

Fig. 1. Illustration of how the critical velocity is determined in [6].
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transport compete in the melt layer sandwiched between
the particle and the front. The overall solidification front
morphology is governed by both scales as its shape changes
due to the thermal conduction phenomena and material
properties (particularly the ratio of particle to melt thermal
conductivities kp/kl) as well as mass and thermal transport
in the melt layer. Thus, the challenge in simulating solidifi-
cation front interactions with particles is to capture this
coupling between the outer (overall particle–front system)
and inner (premelted layer) scales. In this paper, a multi-
scale model described in Part I is applied in the present
paper to study front–particle interactions.

1.2. Physics of flow and interaction forces in the ‘‘inner”

region

When a solidification-front approaches it, a particle will
experience intermolecular forces acting across the interven-
ing melt gap that tends to push it away from or pull it
towards the solidifying interface. These long-range (disper-
sive) intermolecular forces are not significant until the
interfaces become sufficiently close to each other (order
of nanometers). In a continuum representation, these
forces are the result of a disjoining pressure in the melt film
[2]:

P ¼ A

6pd3
; ð1Þ

where P is the disjoining pressure, A is the Hamaker con-
stant and d is the distance between the two surfaces. The
disjoining pressure is defined such that a negative Hamaker
constant results in a repulsive force between the two inter-
faces whereas a positive Hamaker constant results in an
attractive force between the interfaces. The value (and sign)
of the Hamaker constant depends on the system in ques-
tion, typical values being ±10�19 J.

The Hamaker constant, and hence the disjoining pres-
sure, can also be related to the surface free energies of each
of the phases involved [3,4]:
A ¼ �4pd2
0Dc; ð2Þ

where

Dc ¼ csp � clp � csl; ð3Þ

where csp is the free energy of the solid (solidification
front)–particle interface, clp is the liquid–particle interfacial
free energy and csl is the solid–liquid interfacial free energy.
The d0 is a constant with the dimensions of length and has
a typical value of several molecular diameters [3,4].

Note that in systems where Dc is positive, as the solidi-
fication front gets close enough to the particle a repulsive
disjoining pressure forms to push the particle away as it
is more energetically favorable for a layer of liquid to exist
between them. The opposite is true when the interfacial free
energy difference is negative, i.e. the solidification front is
attracted to the particle.

Due to the existence of a disjoining pressure a change in
the melting temperature of the interacting interfaces will
result through the Clausius–Clapeyron relation [5]. If
Dc > 0, a layer of liquid will exist between the solidification
front and the particle even when the temperature is lower
than that of the bulk melting temperature of the solidifying
medium. This depression of the equilibrium melting point
leads to a premelted film between the two solid surfaces.
The solid–liquid interface temperature in the presence of
such a premelted film is given by

T i ¼ T m �
k
d

� �3

T m; ð4Þ

where k is an interaction length scale [6].
The existence of a premelted film and the interfacial tem-

perature depression can have a significant effect on front-
particle interaction. There have been several theoretical
studies where the premelting effect was not taken into
account when studying particle–solidification front interac-
tions [1,7–11]. When the premelting effect is neglected, the
solidification front can, theoretically, approach the particle
all the way down to a zero gap thickness [7–10]. Finding
the critical velocity for such a case would then rely on
adopting a cut-off value for the minimum value for the
gap thickness d (typically 7 molecular diameters) before
engulfment is declared [7–10]. Other studies have included
the effect of the premelted layer [6,12,13] on the particle–
solidification front system [6]. In [6] for instance, for
steady-state pushing of a particle by a front, a variation
of the particle velocity (vp) versus the minimum gap thick-
ness for steady pushing (dmin) is obtained, as illustrated in
Fig. 1. A linear stability analysis of the steady pushing
solutions was performed and it was suggested that the max-
imum velocity in Fig. 1 is the critical velocity (vCR). Small
perturbations of the system to the left of this maximum in
the vp � dmin curve will result in engulfment whereas to the
right of the maximum the steady pushing mode is main-
tained. The dmin corresponding to the identified critical
velocity is of order of 100 molecular diameters (or tens of
nanometers) in contrast to the Angstrom thick cutoff



J.W. Garvin et al. / International Journal of Heat and Mass Transfer 50 (2007) 2969–2980 2971
adopted in the aforementioned studies [7,8,14] where pre-
melting effects were not included. In the current study,
the results for the particle–solidification front interaction
with premelting effects will be compared to those without
premelting (i.e. when Ti = Tm) and an alternative explana-
tion for the critical velocity will be presented.

2. Simulation of particle–front interaction

In order to study the particle–solidification front inter-
actions, the directional solidification setup is used for the
phase boundary calculations. The values of the variables/
parameters used in this work are given in Table 1. As
described in Part I, the particle is initially placed in the cen-
ter of the computational domain and the solidification
boundary is placed some distance below it. A mesh size
of 202 � 322, with a 202 � 160 grid points used in the
region corresponding to the region 3.0 6 y* 6 7.0, i.e.
where the particle and front initially lie and where the inter-
action occurs, was used for the current simulations. This
mesh size was determined to yield grid independent results
in Part I. To obtain suitable initial conditions, the system is
first brought to steady-state by solving the heat conduction
equation for an extended time before the phase boundary is
allowed to move. After the steady-state temperature values
are reached, the phase boundary is allowed to move
towards the particle and the subsequent interaction is sim-
ulated using the coupled multiscale model.

The main effects that are studied in the cases presented
in the following are:

1. The effect of the depression in interface temperature
caused by the disjoining pressure in the premelted layer
(inner region). In particular we seek to understand: (a)
the effect of the depression of interface temperature on
pushing/engulfment of the particle and (b) the addi-
tional physics that premelting brings into the problem,
particularly as it relates to identification of critical
velocity.

2. The effect of thermal conductivities of the particle and
melt on the evolution of the phase boundary and its cou-
Table 1
Values of the constants/material properties used in calculations (the values fo

Constant/material properties Definition

l Dynamic viscosity of melt
q Density of melt
Rp Particle radius
GL Temperature gradient in the
A Hamaker constant
k Interaction length used in pr
kl Thermal conductivity of the
ks Thermal conductivity of the
kp Thermal conductivity of the
al Thermal diffusivity of the me
Tm Bulk melting temperature of
Hsl Latent heat of fusion per uni
pling with the dynamics of the premelted layer. In par-
ticular, what effects do the thermal conductivities have
on predictions of critical velocity for engulfment?
2.1. Results

2.1.1. Effects of interface temperature depression due to

premelting

When the thermal conductivity of the particle is the
same as that of the melt (i.e. kp/kl = 1), the solidification
front remains planar as it approaches the particle. Fig. 2
shows the evolution of the interfaces as well as the temper-
ature/pressure contours for a solidification front moving
upward at a speed (vs) of 100 lm/s toward a particle of
1 lm diameter. In the absence of a premelting-induced
depression of temperature (i.e. when k = 0.0) the solidifica-
tion front remains flat as it approaches the particle and fol-
lows the equilibrium melting point isotherm. Fig. 2(a) and
(b) show the isotherms and outer region flowfield (pressure
contours and streamlines) at an instant of time when the
front is just beginning to approach the particle. Fig. 2(c)
and (d) show the isotherms and outer region flowfield at
a time when the particle is being steadily pushed by the
front. As a contrast, Fig. 3 illustrates the effects of a pre-
melted layer on a planar (i.e. kp/kl = 1) solidification front
moving towards a particle. In fact, when kp/kl = 1.0, the
only factor that changes the solidification front shape is
the depression of the interface temperature due to the pre-
melting effect. This effect begins to manifest only when the
front and particle approach close enough that intermolecu-
lar forces begin to act between the surfaces, i.e. interface
planarity is maintained until such time. As seen from
Fig. 3, after the premelting effect sets in, the solidification
front (indicated by the bold line in Fig. 3) does not lie on
the melting temperature isotherm in the region beneath
the particle. Apart from altering the thermal field in the
melt film between the particle and the front, the premelting
effect has a critical impact on the dynamics of the particle–
front interaction. As shown in Fig. 3, in contrast to the case
where the temperature depression due to premelting was
not included in the simulations (see Fig. 2), the particle
r the material properties were adopted from [8])

Value used in present calculations

0.003 Pa s
2365 kg/m3

10�6 m
melt 104 K

�8.0 � 10�19 J
emelting expression 2.0 � 10�10 m
melt 100 W/mK
solid 100 W/mK
particle 1–100 W/mK
lt 5.15 � 10�5 m2/s
the melt 933 K
t mass 399000 J/kg



Fig. 2. Results for a system where the solidification velocity is 100 lm/s with no premelting (k = 0), kp/kl = 1.0 and Rp = 1 lm. (a) and (b) temperature
fields at two time instants during the interaction of the front and the particle. (a) is early in the interaction and (b) is later in the interaction. (c) and (d) the
pressure field corresponding to the instants shown in (a) and (b).
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in this case is engulfed by the front. Clearly, inclusion of
the premelting effects leads to a drastically different out-
come in particle–front interactions when compared to the
case without premelting effects. Insight into the physics
behind the different consequences of the front-particle
interactions in Figs. 2 and 3 are obtained by examining
the dynamics of the particle, as explained below.

Fig. 4 shows the details of the dynamics of the particle
and the front for the case corresponding to Fig. 2, i.e. when
the depression of temperature due to premelting is
neglected. Fig. 4(a) and (b) show velocity versus time and
dmin versus time curves respectively. The velocity versus
time curves indicate the variation with time of the particle
velocity (vp), the solidification front velocity far from the
particle vs and the tip/trough velocity vt of the front (i.e.
the front velocity right underneath the particle on the sym-
metry line). At the start of the simulation, vt = vs; the solid-
ification front is flat and continues to remain flat until it
approaches the particle. Due to the disjoining pressure as
the gap between the particle and the front narrows
(Fig. 4(b)), the particle then begins to accelerate until its
velocity matches that of the solidification and tip velocity
(i.e. vp = vs = vt), at which point a steady pushing mode
is reached. Fig. 4(b) illustrates the variation of the mini-
mum distance (dmin) between the particle and the solidifica-
tion front versus time. The dmin eventually goes to a steady
value at around 20 nm and maintains a steady value; hence
a pushing mode is reached. The plot of the forces acting on
the particle, shown in Fig. 4(c) is illustrative. As seen in the
figure, the repulsive intermolecular force and the opposing
drag force increase in magnitude as the front starts to inter-
act with the particle. Initially, the repulsive intermolecular
force provides an impulse to the particle. Due to the small
inertia of the system, the opposing drag force is set up
immediately and the total resulting force falls to a small
value, as seen in Fig. 4(d). The repulsion of the particle



Fig. 3. Temperature contours of a system where the solidification velocity is 100 lm/s, with premelting included (k = 2 � 10�10 m), kp/kl = 1.0 and
Rp = 1 lm. (a)–(c) show the contours and the interfaces (thick lines) at three instants in the interaction sequentially from early to later time.
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and its motion away from the front also sets up the lubri-
cation flow in the melt layer yielding the viscous pressure
losses suffered by the incoming flow of melt from the outer
region. The difference between the forces remains small
during the interaction, indicating the subtle nature of the
front-particle interaction. At the steady pushing condition,
which is quickly reached in this case, the forces are nearly
in balance, although there is a slight oscillatory tendency
around the steady-state.

Fig. 5 shows the details of the dynamics in the situation
corresponding to Fig. 3, i.e. where the premelting effect on
the melting temperature is included. Clearly the conse-
quences vis-à-vis the dynamics of the particle are entirely
different from that shown in Fig. 4. Here, the particle veloc-
ity first increases under the influence of the repulsive inter-
molecular force (Fig. 5(c)), and the resultant force behavior
(Fig. 5(d)) is quite similar in the initial stages to the case
shown in Fig. 4. Therefore, at least initially, there is little
difference caused by the melting point depression due to
premelting. However, note that due to melting point
depression caused by the disjoining pressure in the pre-
melted film, the solid–liquid interface velocity under the
particle continually decreases with respect to that of the
particle, as shown in Fig. 5(a). This leads to the formation
of a trough under the particle as shown in Fig. 3, in con-
trast to the nearly planar interface in Fig. 2. The conse-
quence of this trough formation is that the opposing drag
force is enhanced and therefore the resultant force becomes
negative, i.e. it is directed towards the particle. Conse-
quently, the particle velocity also drops off, as shown in
Fig. 5(a). Meanwhile, away from the particle the solid–
liquid interface continues to travel at the velocity (vs > vp).
Thus, as shown in the sequence in Fig. 3(a)–(c), the particle
is quite rapidly engulfed by the front. The subtlety of the
non-equilibrium behavior of the particle–front system is
evident from these two cases. Note that, as shown in the
isotherm plots in Figs. 2 and 3, the differences in the tem-
perature fields between the two cases are modest. The



Fig. 4. Behavior of the particle for the case of solidification = 100 lm/s. There is no premelting (k = 0.0 m) , kp/kl = 1.0 and Rp = 1 lm. (a) Velocity
versus time, the velocities of the particle (vp), tip of the solidification front (vt is the velocity of the front right under the particle) and the flat front away
from the particle (vs) are indicated in the figure. (b) dmin versus time, (c) the repulsive intermolecular force (FI) and the drag force (FD) versus time and (d)
the total force (FT) versus time.
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consequences for the front-particle interaction however are
decisive. It is worthwhile to note here that these subtle
effects are captured by the present multiscale model.

2.1.2. Effects of thermal conductivity of particle relative to

melt – determination of critical velocity for engulfment

As indicated by the above results, a critical factor in
determining whether a particle will be pushed or engulfed
by a solidifying interface is the shape (particularly convex-
ity/concavity) of the solidification front. The ratio of ther-
mal conductivity of the particle to that of the melt (kp/kl)
plays a major role in determining the solidification front
shape [7,9,10,15–18]. If kp/kl < 1.0, heat transfer through
the particle is impeded, causing the isotherms to orient
themselves such that a convex protuberance is formed
underneath the particle. On the other hand, if kp/kl > 1.0,
heat flows into the particle more readily and causes the iso-
therms to orient themselves such that the front assumes a
concave shape under the particle.
The computational setup used to demonstrate the effect
of the thermal conductivity ratio is the same as that used in
the previous cases. The value of kp/kl = 0.01 (correspond-
ing to typical metal-matrix composites) is chosen and the
particle radius is 1 lm. The premelting effect is included
in all cases. The values of the parameters employed are
given in Table 1. The first case studied is one where the
solidification velocity is 245 lm/s. The evolution of the
temperature contours (with the interfaces shown as bold
lines) is shown in Fig. 6. The solidification front is started
farther away from the particle than in the kp/kl = 1.0 cases.
This increased distance ensures that the tip velocity reaches
a steady value (with a steady convex protuberance under
the particle) before it interacts with the particle
(Fig. 6(a)). When the interface approaches the particle
and the premelting and disjoining pressure effects act in
the inner region (gap) between the front and the particle
in the present multiscale model, the convex interface in
the present case begins to flatten (Fig. 6(b)). As shown in



Fig. 5. Behavior of the particle for solidification velocity = 100 lm/s, k = 2 � 10�10 m (premelting included) , kp/kl = 1.0, Rp = 1 lm. (a) Velocity versus
time, the velocities of the particle (vp), tip of the solidification front (vt is the velocity of the front right under the particle) and the flat front away from the
particle (vs) are indicated in the figure. (b) dmin versus time, (c) repulsive intermolecular force (FI) and the drag force (FD) versus time and (d) the total force
(FT) versus time.

J.W. Garvin et al. / International Journal of Heat and Mass Transfer 50 (2007) 2969–2980 2975
Fig. 6(c) eventually the interface assumes a concave shape
under the particle and the particle is engulfed by the front.
The dynamics of the interaction is illustrated in Fig. 7.
Fig. 7(a) shows that prior to contact the solidification
velocity directly below the particle (vt) is greater than that
far away from it (vs). The particle velocity initially rises due
to the predominance of the repulsive intermolecular forces.
Initially the drag force is weaker than the intermolecular
force as the interface is convex and the lateral extent of
the lubrication layer is small. Eventually, however, the
opposing drag force strengthens, particularly as the inter-
face below the particle assumes a concave shape
(Fig. 6(c)). Thereafter, both the particle velocity as well
as the tip velocity vt fall to values less than vs. This results
in the eventual engulfment of the particle.

When the solidification velocity is decreased to 230 lm/s
very different results are obtained. Fig. 8 shows the inter-
face evolution and the pressure contour maps for this case.
Clearly, here the particle is pushed along steadily ahead of
the convex solidification front and the outer pressure field
settles to a steady-state. From the corresponding velocity
versus time plot and the dmin versus time plot in Fig. 9 it
is clear that the particle is indeed pushed by the front. In
contrast with the previous case, the particle velocity in this
case rises past the tip velocity and then begins to settles
down to the front velocity vs. The rise in the particle veloc-
ity is due to the disjoining pressure force outweighing the
drag force right at the beginning of the interaction. How-
ever, once the particle velocity increases significantly, the
drag force rises. This restores the forces into a nearly bal-
anced condition until eventually the particle velocity, and
the tip velocity, oscillate slightly around the pull/solidifica-
tion velocity. The final minimum gap thickness at which
quasi-equilibrium is established is quite significant
(�180 nm). The previous two cases indicate that there is
a boundary between the solidification velocities of 230



Fig. 6. Temperature contours of a system where the solidification velocity is 245 lm/s, with premelting included (k = 2 � 10�10 m), kp/kl = 0.01 and
Rp = 1 lm. The interfaces are shown in bold lines. (a)–(c) are sequentially arranged in increasing time as the interaction proceeds. In (c) the solid–liquid
interface has made contact with the particle and is beginning to engulf it.
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and 245 lm/s that demarcates the pushing and engulfment
regimes. Identification of this boundary will yield the criti-
cal velocity for the parameters chosen above.

To identify critical velocities for pushing-engulfment
transition, a series of studies were performed by choosing
different solidification velocities in the range of 100–500
lm/s. To examine the behavior over this range of solidifi-
cation velocities, instead of plotting the behavior of vp

against time and dmin against time separately, it proves to
be more instructive to plot vp against dmin as they evolve
in time in each case. These are essentially phase–space plots
of the evolution of the particle–front dynamical system.
Fig. 10(a) shows the phase–space plot for the kp/kl = 1.0
cases, including the one that was studied earlier. Note that
the arrowheads on the trajectories in phase space show the
progression in time. Interestingly, the shape of the curves
are similar to the shape of the plots that Rempel and
Worster [6] obtained in their steady-state predictions of
particle–solidification front interactions. In their work,
however, the curve is obtained for a steady-state particle
velocity versus a steady-state dmin when the particle and
front are in a steady pushing interaction. Since their anal-
ysis does not cover the full unsteady interaction between
the front and the particle, they demarcate the critical veloc-
ity using linear stability of the steady-state solutions, i.e.
that the steady-state is stable only to the right of the max-
imum in the curve illustrated in Fig. 1 (hence a pushing
regime exists), while it is unstable to the left of the maxi-
mum (and engulfment results). Therefore the velocity cor-
responding to the maximum in the curve is the critical
velocity in their analysis. In the current work it is the evo-
lution of the particle velocity and the dmin that is being
plotted in the phase–plane plot, not the steady-state push-
ing relationship between vp and dmin.

Using the present multiscale analysis, it is found that the
kp/kl = 1.0 system will always experience engulfment. In



Fig. 7. Behavior of the particle for solidification velocity = 245 lm/s, k = 2 � 10�10 m (premelting included), kp/kl = 0.01, Rp = 1 lm. (a) Velocity versus
time, (b) dmin versus time.

Fig. 8. Pressure contours of a system where the solidification velocity is 230 lm/s, with premelting included (k = 2 � 10�10 m), kp/kl = 0.01 and
Rp = 1 lm. (a)–(c) show the contours in increasing sequence of time as the front approaches and interacts with the particle.
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Fig. 9. Behavior of the particle for a solidification velocity = 230 lm/s, k = 2 � 10�10 m (premelting included), kp/kl = 0.01, Rp = 1 lm. (a) Velocity
versus time, the velocities of the particle (vp), tip of the solidification front (vt is the velocity of the front right under the particle) and the flat front away
from the particle (vs) are indicated in the figure. (b) dmin versus time, (c) drag (FD) and repulsive intermolecular (FI) force versus time and (d) the total force
(FT) versus time.
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addition, the maximum in the curves (Fig. 10) found in the
current study does not indicate a critical velocity. Instead,
it simply indicates that the particle velocity has reached a
maximum value and from that point in time the drag force
increases and the particle will eventually be engulfed. How-
ever, engulfment does begin once the system has evolved to
the left-hand side of the maximum (i.e. the particle begins
to slow down as the dmin gets smaller).

It is noted that in the Rempel and Worster [6] work,
only a kp/kl = 1.0 system was studied. However, in the
case of metal-matrix composites, the ceramic particles are
far less conductive than the metallic matrix, i.e. kp/kl� 1.
In this case, as discussed above, pushing of the particles
can result provided the solidification front velocity is
lower than a critical value. The phase–space picture for
kp/kl = 0.01 is shown in Fig. 10(b) for vs = 245 lm/s. Note
that the curves in Fig. 10(b) are very similar to the curves
in Fig. 10(a), i.e. for this range of solidification velocities
the particle is engulfed by the front. Fig. 10(c) shows the
situation where the pushing to engulfment transition just
occurs for the system under consideration. In the phase–
plane plot in Fig. 10(c) it is seen that for vs = 245 lm/s
the evolution of the trajectory corresponds to the one
for engulfment. However, for the 230 lm/s case the trajec-
tory gets to a point near the maximum of the other curves
but then deviates abruptly away to achieve a significantly
higher velocity and large gap thickness dmin. Eventually
the system settles as the velocity falls off and the gap
thickness increases moderately. It appears as if the trajec-
tory is drawn to an attractor in phase–space that corre-
sponds to a quasi-steady pushing mode. This attractor is
located at vp = vt = vs. To establish a trend Fig. 10(d)
shows the trajectory of a 220 lm/s solidification velocity
case along with the previous 230 lm/s case. Somewhat
surprisingly there is actually little difference in the final
state for these two cases, i.e. the attractor is fairly stable
to perturbations in the operating conditions. The one
noticeable difference is that for the 220 lm/s case the tra-
jectory does not approach the ‘maximum’ location of the
engulfment cases (as is the case for the 230 lm/s trajec-
tory) before it deviates towards the attractor at vp = vs.
The deviation occurs very early in the evolution of the sys-
tem for the lower velocity of 220 lm/s. These behaviors in
the phase plane indicate strongly that the pushing–engulf-
ment transition is a bifurcation in the evolution of
the front-particle dynamical system and is induced by
the competition between two attractors, one residing at
the origin and the other at the vp = vs value. The position
of this attractor appears to be fairly stable to perturba-
tions in the solidification velocity vs. The location of this
attractor may however depend on several parameters,
such as the size of the particle, particle thermal conductiv-
ity and solid–liquid interfacial tension, and therefore a
detailed parametric study is necessary to identify the crit-
ical velocity for a general system. Such a parametric study
is currently being performed.

The insights obtained from the present study with
regard to the determination of critical velocity for particle
engulfment can be summarized as follows. Depending on
the solidification parameters and conditions, the trajectory
of the front-particle dynamical system in phase space can
evolve towards one of two attractors, corresponding to
the steady pushing or engulfment state. The cases above
suggest that the fate of the particle is determined to a great
extent by the curvature of the solidification front directly
under the particle (in particular whether it becomes con-
cave under it). Once the solidification front assumes a
concave shape under the particle, whether due to ther-
mal conductivity differences between the particle and
melt or due to premelted film effects, engulfment becomes



Fig. 10. (a) Phase–space plots for kp/kl = 1.0 at solidification (pull) velocities of 100 and 500 lm/s. The curves corresponding to each value of velocity are
indicated in the legend. (b) Phase–space plots for kp/kl = 0.01 at solidification (pull) velocities of 245, 260 and 300 lm/s (see legend). Notice that these plots
are very similar to Rempel and Worster [6]. These are all engulfment cases. (c) Phase–space plots for kp/kl = 0.01 at solidification (pull) velocities of 230,
245, 260 and 300 lm/s (see legend). The 230 lm/s case is the only pushing case – notice the large deviation from the engulfment cases suggesting a very
sensitive non-linear process with two ‘‘attractors” in phase–space. (d) Phase–space plots for kp/kl = 0.01 at solidification (pull) velocities of 230 and
220 lm/s (see legend).
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inevitable. However, if the solidification front is slow
enough so that the bending of the front (i.e. the trend
towards concavity) due to premelting does not overcome
the convex protuberance of the front, the particle will tra-
vel along a completely different trajectory in phase–space
and will be pushed by the front.

3. Conclusions

A multiscale method that was developed in Part I is
employed to compute the interaction between a particle
and a solidification front. The method allows one to cap-
ture arbitrary shapes and velocities of the different surfaces.
The model computes the forces acting on the particle and
moves the particle accordingly. From the computa-
tions, several conclusions were made about the nature of
particle–solidification front interactions.
It was determined that at or near the critical velocity the
system is quite sensitive to perturbations either causing
engulfment or a significant deviation from the engulfment
regime to a completely different path in phase–space –
which indicates pushing. This is due to the complex inter-
play between the interface shape (due to kp/kl and premelt-
ing effects), the intermolecular repulsive forces (due to
disjoining pressure) and drag forces (due to fluid motion).
A particle being approached by a solidification front of a
pure material that is directionally solidified will become
engulfed when kp/kl P 1.0 as long as a premelted layer is
assumed to exist between the particle and the front. This
is due to the trough that forms underneath the particle
and causes the large viscous drag to dominate and, hence,
promote engulfment.

Insights into the mechanisms that determine the critical
velocity (for kp/kl < 1.0) are obtained. The fate of the
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particle is determined to a great extent by the curvature of
the solidification front directly under the particle (i.e.
whether it becomes concave or stays convex). Once the
front assumes a concave shape under the particle, whether
due to thermal conductivity differences between the particle
and melt or due to premelted film effects, engulfment
becomes inevitable. However, if the solidification front is
slow enough so that the bending of the front (i.e. the trend
towards concavity) due to premelting does not overcome
the convex bump (for kp/kl < 1.0) of the front, the particle
will travel along a completely different trajectory in phase–
space and will be pushed steadily by the front.
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